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1 Introduction 

Let Obea smooth bounded domain of M N , L a uniformly elliptic second order differential opera- 
tor in divergence form with Lipschitz continuous coefficients and g is a real valued Caratheodory 
function defined in fi x M. If a; is a Radon measure on f2, we study existence and stability of 
. solutions of the generalized equation 

>: 

00. — Lu + g(x, u) = uj (1.1) 
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in S7. Precise assumptions are made on the coefficients of L so that uniqueness holds. A 
fundamental contribution is made by Benilan and Brezis [6], [3] who study the case where 
L = A and g : M i— >• R is nondecreasing and positive on R + : if /i is a bounded measure in Vt and 
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fSJ . g satisfies the subcriticality assumption 

(g(s)-g(-s))s-^ds<oc, (1.2) 



then there exists a unique function u £ L 1 (r2) such that gou € L 1 (fi) (where gou(x) = g(x, u(x))) 
satisfying 

/ (-uA( + g ou()dx = / (dfi, (1.3) 
Jn Jn 

for any ( G Cg(«). 

The boundary value problem with measures is first investigated by Gmira and Veron [7] . By 
adapting the method introduced by Benilan and Brezis they obtain the existence and uniqueness 
of a weak solution of 

-Au + g{u) = in 9, ^ ^ 

u = A in <9fi 

when A is a Radon measure. They assume that g, always nondecreasing, satisfies the boundary 
subcriticality assumption 

{9{s) - g(—s)) s N -2ds<(x>, (1.5) 
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and prove the existence and uniqueness of a weak solution to (|1.4|) . For this problem, in the 

integral identity (jl,3p the right hand-side is replaced by — / Cn^A (where ( n = V«.n is the 

Jan 

outward normal derivative on d£l). 

In |13j Veron extends Benilan-Brezis results in replacing A by a general uniformly elliptic 
second order differential operator with smooth coefficients. If g is nondecreasing and satisfies, 
for some a G [0, 1], the a-subcriticality assumption, 



00 jV+q-l 

- g{-s)) s N+<*- 2 ds < 00, (1.6) 



'1 

then if p belongs to Wl p a(Q), which means 

INI™. : = _P ad \v\ < 00, (1.7) 
p Jn 

where p(x) := dist (x,dCl), there exists a unique u G L 1 (0) such that g(u) G L~(Q) satisfying 

f (-uL*C + g(u)() dx = I (dp VC G Cl> L *(n). (1.8) 
Jn Jn 

where 

Cl> L *(Tl) = {C G C 1 ^) : C = on dSl, L*( G L°°{n)}, (1.9) 

where L* is the adjoint operator to L. Furthermore he proves the weak stability of the problem, 
it means that if u n is a set of solutions of 

-Lu n + g{u n ) = p n in ft ^ . 

u n = in <9f2 

for a sequence of measure {p n } such that 

lim Udp n = f(dfi (1.11) 
n ^°°Jn Jn 

for all C G C(f2) verifying sup^p _Q |C| < 00, then u n — >• it where u satisfies (II. lj) . However, 
a careful observation of the existence and stability statements proved in |13t Th 3.7, Cor 3.8] 
shows that the result is slightly stronger than the one stated since it implies the following: 

Let a G [0, 1] and j:Ri->R be continuous function which satisfies the a-subcriticality assump- 
tion (11.61) . If {p n } is a sequence of Radon measures in Q such that 

p a d\p n \<M (1.12) 

for some M > and (jl.lip holds for £ suc/i £/ia£ p~ a ( G C(O), f/ien i/ie corresponding solution 
u n of (|1.10p converges to the solution u of (jl.ip . In particular, if a = 1, it contains the case 
where there exists a Radon measure A on dVL such that 



n— >oo 



lim / (dp n = - / CndA VC G C£(fi). (1.13) 
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The case where the nonlinearity g depends on the p(x) variable has investigated by Mar- 
cus [8]. If #(x,r)signr < / o(x)^g(|r|)sign r for some /3 > — 2 and g satisfying a subcriticality 
assumption 

" ^ _2N+P-1_ 

{g{s) - g{-s)) s N ~ 1 ds < oo, (1-14) 



then there exists a weak solution to problem (jl.4p for any Radon measure A. Furthermore 
stability holds. 

The subcriticality is a key hypothesis in all the previous results: essentially it means that 
the problem can be solved for any measure if it can be solved for a Dirac measure. The different 
integral assumptions are just the transcription that the fact that g of the fundamental solution 
of the associated linear equation is integrable for a suitable measure associated to the distance 
function p. 

The aim of this article is twofold: 1- to unify the problems for measures in Q and on d£l; 
2- to present under the form of an integrability condition a classical sufficient condition of 
solvability which has the advantage of being a natural extension to the supercritical case the 
previous subcriticality assumptions and to provide new results results of existence and stability 
for (jl.ip in the spirit of [13J. A function g : 0, x M i— > R belongs to the class G^^ if it is 
a Caratheodory function and there exist a continuous and nondecreasing function g : R i— > M 
vanishing at 0, a locally integrable nonnegative function h defined in £1 and a nonnegative 
continuous nonincreasing function ^ : [0, oo) i— )■ [0, oo), such that 

\g(x,r)\ <h(x)\g{r)\ V(i,r)e!lxl, (1.15) 

and the -integrability condition holds, i.e. 

/•oo 

- / (300 - 9(-s)) d*(t)ds < oo. (1.16) 

J 

Let G and K be respectively the Green and Poisson kernels corresponding to the operator L in 
£1 and G[.] and K[.] the corresponding potential operators. The natural subcritical assumptions 
in the framework of Marcus's results (with h instead of pP) for solving 

— Lu + q(x, u) = a in VL 

(1.17) 

u = A in <9S1 

would be 

/•oo 

(G[\p\] + K[|A|]) h(x)p(x)dx < oo. (1.18) 



However this type of condition is not satisfactory since it may not hold if p and A are merely 
integrable functions since the problem admits always weak solutions. More generally it does not 
define a clear class of measures for which we can solve problem (|1.17p . We introduce new classes 
of Radon measures whose Green and Poisson potentials belong to a weighted Marcinkiewicz 
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space-type space. Let $ be a continuous nonincreasing and nonnegative function defined on 
[0, oo) and m is a bounded positive Borel measure in O and denote 

M*(fi) := < / G S(O) : 3 C > s.t. / dm(ar) < C¥(t) , Vi > \ (1.19) 
I •/*/(*) J 

where 0(0) denotes the space of Borel functions in and A/(t) = {x G O : |/(a?)| > t}. The 
main results of this article are the two next statements: 

Theorem A Let g be an element of the class Gh^ with ph G L 1 (Q). Then for any p G 9Jtp(0) 
and A G 9Jl(dQ) such that G[\p\] and K[|A|] belong to M^ h (Q), there exists a solution to problem 
(|1.17p . If r i— > g(x,r) is nondecreasing for a.e. x G O, i/iis solution is unique. 

Actually we shall introduce a unique formulation for the data (p, A) as a unique measure w 
on O which allows to replace (|1.17p by (jl.ip . and a unique assumption on the extended Green 
operator G[|w|]. We prove in particular the following: 

Theorem B Assume the assumptions on h, Vl/ and g of Theorem A are satisfied and r i— > r) 
is nondecreasing. If {{oj n } is a sequence of measures in 9JTp(0) which converges to uj G 9JTp(0) 
in i/ie sense that 

_(duj n -> Kdo; (1.20) 

/or any £ suc/i i/tai p _1 C G C(O) and z/i/ie G[|cj n |] are bounded in M* ft (0) ; then the correspond- 
ing solutions Uuj n of problem (ll.lOp converges to the solution of problem (jl.ip . satisfies 
the ^conditions, the convergence remains valid if only the G[|w sn |] are bounded in M^ h (Q), 
where oj sn denotes the singular parts of oj n . 

2 Linear equations and measures 

Since <90 is C 2 , there exists 5q > such that, If i € f! is such that p(x) < 5q, there exists a 
unique a := a{x) G <90 such that |x — p(x) \ = p(x). For (5 > we denote 

S]j:={ie!l: p(x) > o} , flj := {i £ !1 : p{x) < 6} , E^ := {x G : p{x) =5}, E := E = 90. 
The mapping x i— > (p(x),o~(x)) is a C 1 diffeomorphism from O^ o onto [0, So] x E. 

2.1 Weighted measures on Q 

We denote by DJt(O) the set of Radon measures in 0. If a G [0, 1], we denote by 9JT p a(f2) the 
subset of 971(0) of measures such that 

IHL Q : = / P ad \lA < °o. (2-21) 
p Jn 

We also set 

C a (0) := {C G C(O) : p-"C G C(O)}}, (2.22) 



4 



with norm 

llCHc :=supp- a (x)\((x)\. (2.23) 
Thus, if p, G Tl pa (n) and C G C a (n), there holds 



Jn 



< Mm„ a IKIla, • ( 2 - 24 ) 



Furthermore, since 



/ p a d\n\+y2 p a d\p\ = p a d\p\ <oo, 

Jn So n=1 7{2-«5 <P<2 1 -"5o} ifi 



there holds 



lim / p^d^l = 0. (2.25) 



We say that a sequence {/x n } C Wl p a(£l) converges weakly to p, G 9JT p a(f2) if, for any £ G C Q (f2), 
there holds 



lim / Qdp n = / (dp. (2.26) 
n ^°°Jn Jn 

However, the left-hand side expression of (12.260 may exist but not being a Radon measure in £1. 
Therefore we define a more general set of linear functionals on C a 

Definition 2.1 We denote by dJt p a(0,) the set of continuous linear functionals to on C a (Q) such 
that there exists a sequence {p n } C 97Tpa(r2) which converges weakly to uj. 

The natural norm in 9JL«(£2) is 

Mm pa (ti) = ™p{|w(C)l : C G C a (U), \\C\\ Ca < 1}. (2.27) 

Proposition 2.2 If to G 9JT p a(f2) ; j£s restriction to C c (0) is a Radon measure, denoted by p, 
which belongs to QJtp<*(fi). Furthermore, there exists a Radon measure A on dQ such that 

tu(()-[(dp=[ VLandA VC G C a (0) and t/j = p~~ a ( G C(0). (2.28) 
Jn Jdn 

Proof. Since to is continuous, there exists C > such that 

KC)I<C||C|| Cq VCGC a (H). (2.29) 

This holds in particular if ( G C c (0) and proves that the restriction of to to C c (fi) is a Radon 
measure that we denote by p (as well as the associated Borel measure in fi) and 



w(C) = / (dp VC G C c (0). 

Jf2 
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Let {fin} C 9Jt p a(J7) such that 

lim / (dti n = uj(0 VCGC Q (H). 
n ^°° Jn 

By the Banach-Steinhaus theorem there exists C > such that < C for all n G N. 

Since for £ G C C (Q), 

w(C) - / (dfi = lim / (d(p n - fx) 
Jn n ^°°Jn 

and 



Cd(fj, n - n) 



<2C||C|U , 



it follows that {A n } := {p a (p n — p,)} is a sequence of Radon measures on Q, bounded in 9Jt p a (f2) 
and such that 

lim / (d\ n = VC G CJn). 
n ^°°Jn 

Therefore there exists a Radon measure A with support in dil and a subsequence X nk such that 

lim / ipd\ nk = ip[andX, 
n ^°° Jn J an 

which implies Qg^gJ) . □ 
Corollary 2.3 T/ie mapping T : TX p c(n) x ajt(<9fi) ^ 9JI p <*(0) defined by 

T[p,X](C) = [(dfM+ [ i>l d nd\ V(£C a (n) andi> = p- a (£C(n). (2.30) 
Jn Jan 

is one to one. Furthermore 

max {HHImt pQ (n) > ll^llgjt(an)} - \\ T i^^ ^]ll«m pQ ,(n) - \\^\\<m pa (n) + IWIgjt(dfi) • ( 2 - 31 ) 

Proof. The mapping T is onto from Proposition 12.21 The mapping T is one to one since if 

T[/i,A] = 0, then p = and / ip\_and\ = for any ip G C(f2). This implies A = 0. The 

Jen 

right-hand side inequality (I2.3ip is clear since sup |?/>|_df2| < HCIIc ■ Because of (I2.25|) 

J^ P a d | M | = sup Mtdn : c e c e (p), \\c\\ Ca < l| 

This implies 

If G C(dQ) is such that \(f>\ < 1 and is its harmonic lifting in Q, the function £ = p Q <I> belongs 
to C Q (0) and satisfies ||Cllc7« ^ L Let I 7 ?™} c C 00 ^) such that < % < 1, r] n (x) = if 
> 2/n, r/ n (x) = 1 if < 1/n. Then £ n = i] n p a § belongs also to C a (fl) and ||Cn|lc Q — 1- 

Since 

?>,A](c„) = f C n dp+ [ ^d\ 
Jn Jan 
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and / Cndfi -^Oasn^ oo, we derive 
Jn 



This ends to proof. □ 
Remark. If A is a Radon measure on 50 and we can define its ^"-lifting Aga [A] G 9JT(f2) by 



f (d\ s « = 5' a [ ({5,a)d\(a) 
Jn Jn 



Clearly X S c G 9Jt p «(0) and if C G C a (Q) and i a {Q = - lim p _> P~ a (, then i a {Q G (7(90), there 
holds 

Jim / C^A 5Q = f U()d\. (2.32) 
In the particular case where a = 1 £ a (() = ( n := lim p _^ p^ 1 C, and 

lim f (d\ s = - f (ndX. (2.33) 

2.2 The linear operator 

Let x = (xi, ...,xn) the coordinates in R N and O a bounded domain in M^. We consider the 
operator L in divergence form defined by 

Lu: =-J2faT {<*tor s ) + E ^- - E ^- ^ + du ^ 

i,j=i j i=i t=i 

where the a^, foj and q are Lipschitz continuous and d is bounded and measurable in VL. We 
assume that the ellipticity condition 

N N 

J2 a u( j: )tej><<T,£ V£€R" (2.35) 

i,j=l il 

holds for almost x in $7, for some a > 0. We also assume the positivity condition 

/ (^ dv + lY^ bi + c ^§^j dx -° VveCl(n),v>0 (2.36) 
Under these assumptions, the bilinear form 

(u,v) ^ A L (u,v) = J Q + E + c ^ u ) + duv ^j dx ( 2 - 37 ) 
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is continuous and coercive on W 1,2 {&). We define the adjoint operator L* by 

i- » == - E fc" («« fc-J + E - E fc" M + *• (2-38) 

l,j=l 1=1 1=1 

We denote by G = Gx and K = the Green and Poisson kernels corresponding to the 
operator L in f2. We recall the following equivalence statement [10] . [2] 

Proposition 2.4 Assume Q, has a C 2 boundary and (|2.36p holds. Then there exists a positive 
constant C such that 

CG-a < G < C^G-a inttxn\D n (2.39) 
where Dq = x G ft x Q : x y and 

CK^a <K< C^K-a in Six dQ. (2.40) 
2.3 Linear equation with measure data 

If m S 9Jt+(fi) is a bounded Borel measure and ^ : [0, oo) i— > [0, oo) is continuous and nonin- 
creasing, we define the subset M*(0) of the set B(U) of Borel mesurable functions by 

M*(fi) := < / € B(fi) : > s.t. / dm(z) < C*(t) , Vt > I (2.41) 
I J 

where 

A,(f) = {x e O : I/Or) 
Notice that < ra(fi) for f > 0. Denote 

A/(t) = {x G O : |/(x) 

Since \E' is continuous, (|2.4ip implies 

/ dm(ar) < C*(i) , Vt > 0. 
If we modify ^ in order to impose ^(0) = m(fi), (|2.4ip is equivalent to 

Af*(fl) := < / € B(fi) : 3C > s.t. / dm(x) < C*(i) , Vt > I (2.44) 
I Jh® J 

We denote by C*(/) the smallest constant C such that (pOTT) holds. If f h-> *(i)/*(2t) 
remains bounded on [0, oo), M*(Q) is a vector space / !->■ C*(/) is a quasi-norm on the quotient 
space M*(r2)/7£ where 7£ is the equivalence relation fxltft /i — /2 = m-a.e. in Jl. In 
general M*(fi) is not a vector space 

When ty(t) = t~ p with p > 1 and m(x) = p(x) a , with a £ [0, 1], we denote by M^ Q (r2) the 
corresponding Marcinkiewicz space. The following results proved in [5] with L = —A are valid 
for a general operator L 



>t}. 



>t}. 



(2.42) 



(2.43) 
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Proposition 2.5 Let a G [0,1], N > 2. If y, G 37t p a(ft) and TV + a - 2 > 0, 

M (iV+a)/(iV+ a -2) < C||^||gjt a , (2-45) 

pa < J 

l|VG[/i]|| (JV+a)/(«"+a-l) < CIIHU a ■ ( 2 " 46 ) 

Furthermore, for any 7 G [0, 1] and A € 9Jt(9f2), 

l|K[A]|| (jv+ 7 )/(iv-i) < C||A||f,jj. (2.47) 

We recall the following result proved in |13|, Th 2.9] 

Theorem 2.6 Let a G [0,1]. For every fi G Wl p <*(Q) and A G 0Jt(dU), there exists a unique 
u := G satisfying 

- lU = » (2.48) 
u = A m oil, 

in the following weak sense 

- [ uL*(dx = fcdfi-f CndX VC G C c i,L(n). (2.49) 
Jn Jn Jan 

Furthermore, if {{yn,\ n )} is bounded in Wl p a(Q) x Tl(d£l) and converges weakly with respect to 
C a (Q) x C(dU) to (/x, A) G 9Jt p a(r2) x Wl(dft), then u Pn ^\ n converges to u^\. 

Remark. If we define the measure oj G Wl p a(Q) by w = T\y, A] (see (I2.30P ). then it can also be 
expressed by 

[_(doj := [ (dfi - [ ( n dX VCGCi(O), (2.50) 
Jn Jn Jan 

since C G C\{Q) implies that Cn exists on d£l and is continuous. We define the global Green 
operator on Q by 

G[w]:=GM)+Pi[A]. (2.51) 
and (I2.48P is replaced by the unique equation 

- Lu = uj in H. (2.52) 

Then ([2T43]) - (|2^47|) with a = 1 are equivalent to 

||GM|| M ^JV + l)/(JV-l) < C IMIgj^ . (2.53) 

Furthermore, we say that u G L 1 (il) is a subsolution of (|2.52p in S7, if 

- / uL*(dx < [(dco := /"cd/x - f CndX VC G C C 1>L * (H) , C > 0. (2.54) 

in Jan 

Comparison principle applies, thus u < G[uj]. A supersolution is defined similarly. 

Remark. If u> = T[fj,, A] G 5UT+(f2) its Lebesgue decomposition is u r + uj s = T[fi r , X r ] + T[fi s , X s ] 
where \i T and A r are the absolutely continuous part with respect to the Hausdorff measures 
dH N and d'H N ~ 1 and fi s and X s the respective singular parts. Similarly if oj = T[/u,A], then 
ijj = ui + — uj~ where uj + = T[y + , A + ] and ui~ = T\ji~ , A - ]. 
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2.4 Regularity results 

We define the class of measures B P (Q) by 

B%(Sl) := {oj G m p (Tl) : G[\u\] G M^fi)}. (2.55) 

By Proposition 12.41 this class remains unchanged if we replace — A by L and the Green operator 
for L by the one of —A. If = t~ p and h = 1, the corresponding class of measures is larger 
that the usual 

B p (Tl) := {oo G Tl p {Tl) : G[\oj\] G L P {VL)} (2.56) 

which corresponds to negative Besov spaces: if oj = T[/x,A], then the regularity results for 
harmonic functions [9] and solution of Laplace equation [1] yields to 

B p {Tl) = B'h p {n). (2.57) 

Example 1 If h(x) = (p(x)f, with (3 > -2. Then ui = T[0, A] G 5^(0) if and only if G[\lj\] G 
M_0+i(fl). This means that A G B^' p (dQ) with s = (J3 + 2)/p (see [11] for the definition of 



3 The main results 

Definition 3.1 VFe say that a Caratheodory function g : !] xl belongs to the class Gh,^> if 
there exist a nonnegative function h G L^iQ), a continuous nondecreasing function g defined on 
R + and vanishing at r = such that < g(x,r)signr < h(x)g(|r|) in f2 X M and a continuous 
nonincreasing function : [0, oo) i— )■ [0, oo) with the property that 



g(s)dt>(s) < oo. (3.58) 

Lemma 3.2 Let \x be a nonnegative measure in 971(0) and g : Q x R i— > R a Caratheodory 
function such that < ^(x,r)signr < h(x)g(|r|) where h G and g is a continuous and 

nondecreasing function g defined on R+ and vanishing at r = 0. T/ien 
(%) If g £ G h>9 and fx G Bjf(n), tfien 50%] g L^(O). 

(mJ if 50 G[/i] G L-j, (Q) and , then \i G S?(0) and g G * wit/* ^(s) = 6\ (s), where 



Ag^j(s) is defined by (|2.42p / replaced by G[fi] and (s) = / d(ph). 

Proof. This due to the fact that 

Jj(G[p])phdx = -J g(s)d6 X - M (s). (3.59) 

Therefore, if #A- r ,( s ) — ^( s )> ^ proves (i). Conversely, if ^f(s) = 9\ (s), then p G B?(Q) and 
The following existence result extends to one in [T3] 
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Theorem 3.3 Assume g belongs to the class G^^. Then for any oj € £?F(0) there exists a 
function u € such that g o u G L 1 (0) satisfying 

[ (-uL*( + go U ()dx= f_(duj VC € Cl' L *(ty. (3.60) 
Jn Jn 

Furthermore u is unique if r i— > g(x,r) is nondecreasing for a.e. x G fi. 

Proof. It is essentially |X3|, Theorem 3.7]. Since < <?(x,r)signr < h(x)g(|r|), we define the 
following truncation r) for any fc > 0. 

5f fc (x,r) = 5(a;,r)xe fc (3.61) 

where Q k = {x G 0, : h(x) < k}. Then < <7(x,r)signr < kg(|r|) and there exists a solution Uk 
to 

—Luk + gk ° Uk = uj in . (3.62) 

Actually, in [131 Theorem 3.7] the proof is done with [i € Wl p a(ft) for any a € [0, 1], but due to 
our definition of measures in 9JT p a(f2), it is also valid in this case. 

Step 2: Convergence when k — > oo. By Brezis'estimates (see e.g. |13|. Th 2.4]), for any £ G 
Cc ,L {Tl), C > 0, one has 

/ (- \uk\L*( + sign(u k )g k (x,u k )()dx < _(d\u\. (3.63) 
Jn Jn 

and 

IKIIli + \\P9k(;U k )\\ L i < Ci \\u\\ mp . (3.64) 
Furthermore, by estimates of Proposition [231 and since \u k \ < G[\uj\], there holds, 

||-"fe|| M (iv+i)/iv + \\S/u k \\ M (N+i)/N < C \\u)\\ mp ■ (3.65) 



{u k . } and a function w € W^(£l), for any 1 < q < (N + 1)/N, such that u&. — > u a.e. in $7 - 
and thus g kj o u k . g o u a.e. - and weakly in W^(Q) when kj — > oo. Let R > and E C Q 
be a Borel subset, then 



, ° ■% 1 pdx < / flr(|u fej .|)p/ida; + / |)/oMc 

J_Bn{ ti fe . \<R\ JEr\{\u k .\>R} /n rr-\ 

l l oo M S| (3.66) 
<g(R)l phdx - I g(s)d8 Uk _(s), 



R 



where, we recall it, 



'Uu . 1 



s) := / d(ph). 



<W . (s) 
3 
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Since \u^\ < G[\u)\], 9 Mk (s) < By assumption, 

% [K |](«)<C*(«) v s >o, 

with 

Furthermore, by a standard integration by parts in Stieltjes integrals and for a.e. R, 

oo roo 



(3.67) 



~g(s)de Uk . (s) = g(R)6 Uk ,(R)+ / 9 Uk . (s)dg(s)) 

3 3 J R 3 

< g(R)6 Uk (R) + C *(s)dg(s) 

3 JR 

/•oo 

< g(R)6 Uk . (R) - C~g(R)*(R) - C / g{s)dV(s) 

3 JR 
/•oo 

<-C g(s)d*(s). 
JR 

Since condition (|3.58p holds, it follows 

;>oo 

lim / g(s)dV(s) = 0. (3.68) 



Given e > 0, we first choose R > such that 



/•oo 

-C g(s)d*(s)<e/2. 
JR 

Then we put 5 = e/(2(l + g(R)) and derive 

/ pdx < 5 ==> / |5fc.(«fc-)| phdx < e. 
J E JE 

Therefore {g kj o^-} is uniformly integrable in Lp(Q). It follows by Vitali's convergence theorem 

lim g k ou k = gou in L\{VL). (3.69) 



Let C G Cc' (fi). If we let kj — ^ oo in the equality 



/ {-u k] L*C + g kj o it fe3 C) = /_Cd 



w, (3.70) 



we derive 



/ (-uL*( + gou()dx = [_Cdu. (3.71) 

Uniqueness follows classicaly if g(x, .) is nonndecreasing. □ 
The following extension of the previous result is an adaptation of [131 Th. 3.20] 
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Theorem 3.4 Assume g belongs to the class and satisfies the following ^-condition 

\g(x,r + r')\<e(\g(x,r)\ + \g(x,r')\)+e(x) Vx G V(r, r') G R x R, (3.72) 

for some nonnegative I G L p (Q). Suppose also that r \— > g(x,r) is nondeacreasing. If uj G VJl p (Q) 
has Lebesgue decomposition u = u r + uj s with regular part with respect to the Lebesgues measures 
ui r and singular part ui s , and if uj s belongs to B^(Q), then there exists a unique solution u to 
(13T60]) . 

Proof. If g satisfies (13.72j) . gk defined by (]3,61j) shares the same property with the same I. 
Therefore, by [131 Th 3.12], there exists a solution Uk to (|3.62p . Actually, in this result it is only 
assume that £ in (13.72j) is a constant, but the proof is valid if it is a nonnegative function in 
Lp($7). Let Vk and v' k be weak solutions in Q of —Lvk + gk°Vk = w+ and — Lv' k — g^o (—v' k ) = oj~ 
respectively. Set w k = Vk + G(uf) and w' k = v' k + G(lj~). Then —Lwk + gk ° Wk > uj + and 
—Lw' k — gk ° (— w' k ) > oj~ in 0. By monotonicity — w' k < Uk < Wk, thus gk(—w' k ) < gk(uk) < 
9k{wk)- The estimates (|3.64p and (|3.65p are satisfied, therefore there exist a function u G L X (Q) 
and a subsequence Uk which converges to u a.e. in O. Furthermore 



9k(x, u k ) < 9 (gk(x, v k ) + gkix^iujj-)) + I 
< (g k (x, v k ) + g(x, G(w+)) + I 



(3.73) 



Since the sequence {Ifffcl} increases, {vk} and {v' k } decrease. Therefore v k 4 v and v' k \, v' which 
satisfy — Lv + gov = uj+ and — Lv' — gk° (—v') = uj~ respectively in Q. Therefore gk°Vk — > g°v 
and gk ° v'k ^ ~9 ° (~ v ') m L p (Q) respectively. Since 

9k ° G(cj+) < 5 o G(w+) 

and w s G 5 o G(uf by Lemma 13.21 the right-hand side term of inequality (|3.73p is 

uniformly integrable in Lp(Q). Similarly 

9k{x, Uk) > 9 (g k {x, -v' k ) + g(x, -G(u~)) - I (3.74) 

and the right-hand side of (13.74D is also uniformly integrable in L p (tt). We conclude as in 
Theorem [331. □ 



4 Stability 

Lemma 4.1 Let {u n } C B^(Q) be a sequence of measures such that C p (G[|w n []) is bounded 
independently of n. Then {uj n } remains bounded in 9Jl p (Q). If oo n — > a; weakly in %R p (Vl), then 

weB*(n). 

Proof. Since C*(G[|w n |]) is uniformly bounded, the sequence {<7°G[|cj n |])} is bounded in ^(O) 
by Lemma 1331 Since w n — > w weakly in 9Jl p (Q,), G[ui n ] — >■ G[w] in L p (fi) and, up to a subse- 
quence, a.e. in f2. Therefore, and up to sets of zero Lebesgue measure, 
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Therefore 



a g H w c n u a %i« c n u a g W w <= a g H (^)- ( 4 -75) 

n>0 \p>n / n>0 \p>n J 

limsup^ E[wn](t) <^_ M(t) . (4.76) 



Conversely, for any x € (i), i.e. such that G[w](x) > t, there exists such that x S A^^ (t) 
if n > n x . This implies 

and 

liminf^ (t) >0 A (t) . (4.77) 

Since m < C?'(G[[w n |])^'(t) and the (G[|u> n |]) are bounded, it follows that u belongs 

to -B* (Q). □ 

Theorem 4.2 Assume g belongs to the class G^^ and r \-t g(x, r) is nondecreasing for a.e. x G 
O. Lei {o; n } C -B*(S7) 6e a sequence of measures such that C*(G[|a; n |]) is bounded independently 
of n which converges to lo weakly with respect to Ci(Sl). Then the solution u n of 

— Lu n + g o u n = uj n in Q (4.78) 

converges to the solution u of 

— Lu + g o u = oo inVt (4.79) 

Proof. Since u n satisfies the Brezis estimates f|3.64|) and f|3.65j) , there exists a subsequence {u nj } 
and u € L l (Q) such that u n . — > u a.e. in Q and in L l (£l). As in the proof of Theorem I3.3| the 
problem is to prove the convergence of the g o u n . in L^($7). But this is a clearly obtained by 
the uniform integrability, as in the proof of Theorem l3.31 Step 2, using the fact that, in (|3.67p . 
the 9 Un . are bounded by sup n C^ h (G[u! n })^ . □ 

Theorem 4.3 Assume g belongs to the class Gh,^, satisfies the ^-condition ()3.72p and r h > 
g(x,r) is nondeacreasing. Let {u) n } C 9Jt p (f2) has Lebesgue decomposition u n = oj nr + UJ ns if 
{cons} C B^(tl) are such that the C^ h (G[ui ns ]) are uniformly bounded, then the solutions u n of 
(I4.78P converges in L l (Q) to the solution u of (14.79p . 

Proof. The argument follows the one of Theorem 13.41 Let v n and v' n be weak solutions in Q of 
—Lv n + g o v n = uj^r an d — Lv' n — go (—v' n ) = ui~ r respectively. Set w n = v n + G(w+ S ) and 
w' k = v' k + G(u~ s ). Then —Lw n + g o w n > u>+ and —Lw' n — go (—w' n ) > By monotonicity 
-wj, < u n < w n , thus g(—w' n ) < g(u n ) < g{w n ). The estimates (13.64H and (|3.65p are satisfied 
therefore there exist a function u £ L 1 (il) and a subsequence -u„- which converges to u a.e. in 
O and in L 1 (fi). Furthermore 



g(x,u n ) < 6 (g(x,v n ) + g(x,G(u+ s )) +£ 
<e(g(x,v n )+g{x,G(uj+ s )) +L 



(4.80) 
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Classicaly v n — > v v' n — » v' in L 1 ($7) which satisfy — Lv + gov = u>+ and — Lv' — o (— t/) = w r 
respectively. Therefore g o v n — >• gov and 5 o v' — > —g o (—v r ) in L p (Q) respectively. Since 
C^ h (G[uj ns ]) is uniformly bounded the goG[uj ns \ are uniformly integrable in L l p (Q) by Lemma [3T2I 
Therefore the (g o u n ) + are uniformly integrable in L p (Q). Similarly 

g(x, u n ) > 6 (g(x, -v' k ) + g{x, -G(uJ)) - £ (4.81) 

and the (g o u n )~ are also uniformly integrable in L l p {Q). The conclusion follows in the same 
way as in Theorem 13.41 □ 
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